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ordinary differential systems in dimension three 
with affine weyl group symmetry of types 

d£\b£\g£\d? and a? 

YUSUKE SASANO 



Abstract. We present a four-parameter family of ordinary differential systems in di- 
mension three with affine Weyl group symmetry of type D± . By obtaining its first 
integral, we can reduce this system to the second-order non-linear ordinary differential 
equations of Painleve type. We also study this system restricted its parameters. Each 
system can be obtained by connecting some invariant divisors in the system of type 
£>4 . Each system admits affine Weyl group symmetry of types B^\g^\d^ and 
a!% , respectively. These symmetries, holomorphy conditions and invariant divisors are 



of Painleve type. This reduced system parametrizes the first-order ordinary differential 



^ new. 

1. Introduction 

In this paper, we present a 4-parameter family of ordinary differential systems in dimen- 
sion three with affine Weyl group symmetry of type D± . By obtaining its first integral, 
we can reduce this system to the second-order non-linear ordinary differential equations 

ON 

m 

equation: 

O: (i) ^= b M X (X + l)(X + l- v )(X- v ), b(t)eC(t),rjeC-{0}. 

We also study this system restricted its parameters. Each system admits affine Weyl 
group symmetry of types B^.G^iDf^ and Aip , respectively. 

Each system can be obtained by connecting some invariant divisors in the system of 
type D±\ 

The Backlund transformations of each system satisfy 

OCi r „ , 1 / 01; 



(2) ai {g)=g+-l{f i) g} + -l^j {/., {£, g}} + . . . (g 6 C(t) [x, y, Z ] ) , 

where poisson bracket {, } satisfies the relations: 

(3) {z, x} = {z, y} = 1, {x, y} = 0. 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of a 
Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

These symmetries, holomorphy conditions and invariant divisors are new. 
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2. The system of type 



In this paper, we study the third-order ordinary differential system: 
(4) 

2x(y - l)yz(x - rj){2x - 2y + 1 - 77) - 2(2o + 2oi + 4o 2 + o 3 + o 4 )x 3 t/ 



2r] dx 



b(t) dt 



2rj_dy 
b(t) dt 



2rj dz 



— 2(o + ai)xy 3 + (5o + 5oi + 6o 2 + o 3 + o 4 )x 2 t/ 2 

— {5oo + 5«i + 6o 2 + 2a 3 — 3(2a + 2a,\ + 4o 2 + 03 + a A )r]}x 2 y 
+ {3(oo + oil) — (4oo + 601 + 6o 2 + 03 + OL^)r\\xy 2 + x A 

+ 2(o + «i + 2o 2 + o 3 - v) x3 + 2 a iVy 3 

+ {(o + «i + 2o 2 + 03)(?7 2 - 3?7 + 1) + a A rf}x 2 + 01(77 - 3)t7?7 2 

+ {—(a + «i) + 2(2o + 3o x + 3o 2 + 03)77 - (2o + 2a x + Aa 2 + o 3 + o 4 )?7 2 }:E7/ 

+ (o + oli + 2a 2 + o 3 )(?7 - l)r]x - 0:1(77 - 1)777/, 

-2x(y — l)yz(x — rj)(2x — 2y + I — rj) — 2(o 3 + a^x^y 

— 2rr7/ 3 (o + ai + 4o 2 + 2o 3 + 2a 4 ) + x 2 y 2 (a + a.\ + 6o 2 + 50:3 + 5o 4 ) 
+ x 2 j/{-(a + «i + 6o 2 + 4o 3 + 6o 4 ) + 3(o 3 + 04)77} 

+ xy 2 {3(ao + 01 + 4o 2 + 2a 3 + 2o 4 ) — (2a + 6o 2 + 503 + 5a 4 )??} + y 4 + 2o 4 x 3 

+ 2t7 3 ((o + 2o 2 + o 3 + o 4 )t7 - 1) - o 4 (3t7 - l)x 2 

+ y 2 {l - 3(o + 2o 2 + o 3 + o 4 )t7 + (o + 2o 2 + o 3 + a A )rj 2 } 

+ £7/{-(o + ai + 4o 2 + 2o 3 + 2o 4 ) + 2(o + 3o 2 + 2o 3 + 3a 4 )r] - (o 3 + o 4 )?7 2 } 

+ 0:4(77 - 1)770; - (o + 2o 2 + o 3 + o 4 )(?7 - l)??y, 

= (2x — 2y + 1 — i]){2x 2 y + 2xy 2 — x 2 — y 2 r\ — 2(77 + 1)xt/ + r}{x + t/)},2 2 

+ z[-2x 3 (a 3 + o 4 ) + 2t/ 3 (o + eti) + 2x 2 y(a + a x + Qa 2 + 2a 3 + 2a 4 ) 

- 2xy 2 (2a + 2a x + 6a 2 + a 3 + a 4 ) + x 2 {-(a + «i + 6a 2 + 4a 3 ) + 3(a 3 + a A )r]} 
+ y 2 (-3(a + oil) + (4ao + 6a 2 + a 3 + a 4 )r?) 

- 4xy{-(a;o + «i + 3« 2 + a 3 ) + (a + 3a 2 + a 3 + a 4 )r]} 

+ x{-(a + ai + Aa 2 + 2a 3 ) + 2(a + 3a 2 + 20-3)77 - (a 3 + a A )rj 2 } 
+ y{ a o + Oil — 2(2o + 3o 2 + 03)77 + (2o + 4o 2 + o 3 + o 4 )?y 2 } 

- (a + 2o 2 + o 3 )(t7 - 1)77] + o 2 [(o + 01 + 2o 2 - o 3 - o 4 )x 2 
+ (ojo + 01 — 2o 2 — 03 — o 4 )t/ 2 — 2(oo + 01 — o 3 — o 4 )xt/ 

+ x{oo + 01 — 203 — (2oo + 2a 2 — 03 — o 4 )t]} 

+ 7/{-o - aii + 2o 2 + 2o 3 + (2o - o 3 - o 4 )7^} + (77 - l)(o 2 + o 3 + (o + 0:2)77)]. 
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Here x,y and z denote unknown complex variables, b(t) G C(t), rj G C — {0}, and 
Q!q, «i, . . . , a 4 are complex parameters satisfying the relation: 



(5) 



CtQ + OL\ + 2o;2 + «3 + Q!4 = 1. 



Theorem 2.1. Let us consider the following ordinary differential system in the poly- 
nomial class: 



dx 

~dt 

dy 

dt 

dz 

I ~dl 



fi(x,y,z), 
f2(x,y,z), 



We assume that 

(Al) deg(fi) = 6 with respect to x, y, z. 

(A2) The right-hand side of this system becomes again a polynomial in each coordinate 
system fa, y i7 Zt) (i = 0, 1, . . . , 4). 



0) x = x - 7], y = y, z = z - 



X — 7] ' 



1) xi =x, yi = y, zi = z 



a i 



x 



(6) 



«2 Ct2 

2)x 2 = xA , y 2 = jH , z 2 = z, 

z z 

a 3 



3) x 3 = x, y 3 = y-l, z 3 = z 



y-r 



a 4 

4) x 4 = x, yi = y, z± = z . 

y 



Then such a system coincides with the system fllj. 
These transition functions satisfy the condition: 



dxi A dyi A dzi = dx A dy A dz (i = 0, 1, ... ,4). 

Theorem 2.2. The system (j3J) admits the affine Weyl group symmetry of type as 
the group of its Bdcklund transformations, whose generators are explicitly given as follows: 
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with the notation (*) := (x, y, z\ a , a%, . . . , 0,4), 

ceo 



so ■ (* 

si : (* 
s 2 : (* 

s 3 : (* 
s 4 : (* 



x,y,z- 



X — T] 



—cio, en, «2 + ao, ct3> «4 , 



«1 

x,y, z ) 

X 



ao, — ax, a 2 + cii, 013, a^j , 

/ a 2 a 2 \ 

x H , y H , z; a + a 2 , o<i + a 2 , -«2, «3 + «2, «4 + «2 

V 2 2 / 



x,y,z 
x,y,z 



«3 

CK4 



ao, ai, a 2 + a 4 , a 3 , —0(4 . 



We note that the generators so, si, . . . , s 4 are determined by the invariant divisors (12.31) 
(see next proposition). 

Proposition 2.3. The system (111) has the following invariant divisors: 



parameter's relation 


ft 


a = 


fo := x - 77 


«i = 


fl ■= x 


Qi2 = 


f2:=Z 


« 3 = 


h-=y-i 


a 4 = 


fa ■= y 



We note that when a± = 0, we see that the system (jlj) admits a particular solution 
x = 0. 

3. Reduction of the system 

In this section, we show that the system (j3j) has its first integral. Thanks to this first 
integral, we can reduce the system (J3]) to the second-order non-linear ordinary differential 
equations. 



(7) 



Proposition 3.1. The system flU) has its first integral: 
d(x - y) b(t) 



dt 2r] 
Under the condition 



(x — y)(x — y + l)(x — y + 1 — rj)(x — y — ri). 



2rj 



t{t-l)(t + 7i)(t + ri-iy 
the equation ([7]) admits a particular solution: 

(9) x = y-t. 
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Theorem 3.2. Under the conditions 

2n 

(10) ^ = t(t-l){t* + (2r ) -l)t + r l (r l -l)y 

(11) x = y-t, 

for the system (J3J) we make the change of parameters and variables 

(12) a = Ax, a x = A , a 2 = A 2 , a 3 = A 3 , a A = A±, X := y, Y := z 

from ao,ai, . . . ,a^,x,y, z to A4, X,Y . Then the system (J3J) can also be written in the new 
variables X, Y and parameters A4, as a Hamiltonian system. This new system tends to 



(13) 



dX _ dH V i dY _ dHvi 
~dT ~ dY ' ~dt ~ dX~ 
with the polynomial Hamiltonian 

H VI (X,Y,t; A 1 ,A ,A 2 ,A 3 ,A 4 ) 

(14) = ^—^{X -t){X- l)X - {(A, - 1)(X - l)X + A 3 (X - t)X 

+ A 4 (X -t){X- 1)}Y + A 2 (A + A 2 )X] 
as rj — > 00. 

This system is the Painleve VI system. 

We also see that the equation (J7|) admits a particular solution: 

(15) x = y. 
Theorem 3.3. Under the condition 

(16) x = y, 
for the system (j4j) we make the change of variables 

(17) X:=y, Y:=z 

from x,y,z to X,Y. Then the system (j4]) can also be written in the new variables X,Y 
as a Hamiltonian system. This new system tends to 

(18) dX _ dH dY OH 

~dt ~ W ~~dt ~ ~dX 

with the polynomial Hamiltonian 

(19) 

H(X, Y, t; a , a±, a 2 , a 3 , a 4 ) 

= - lZ±b(t)[-(X - 1)(X - n)X 2 Y 2 - {2a 2 (X - 1)(X - 77) - a a n(X - 1) - a 3 (X - V )}XY 
in 

- a 2 2 X 2 + a 2 {l - (a + oti + a 2 + a 4 ) + (1 - (a x + a 2 + a 3 + a 4 ))r]}X]. 
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Elimination of Y from the system ffl8|) gives the second-order non-linear ordinary dif- 
ferential equation for the variable X: 



d 2 X 



+ T7 + 



1 



2 db(t) 
dt 



dX 



(20) 



2{X - 1) X 2{X - rj) J V dt J b(t) dt 

2 

[(77 - l) 3 X 2 {{a r] + a 3 )X - (1 - {a x + 2a 2 + a 4 ))rj} 



b(tf 



8r] 2 (X -1)(X -n) 
x {(«o?? - 0:3 )X + (1 - (2«o + oti + 2a 2 + a 4 ))r?}]. 



Proposition 3.4. The system (|18p admits the affine Weyl group symmetry of type 
D4 as t/ie group of its Backlund transformations, whose generators are explicitly given 
as follows: with the notation (*) := (X, 1"; cto, «i, ■ • • , 04), 



so : 
Si : 
s 2 : 
s 3 : 
s 4 : 



X,Y 



-a Q , «i, a 2 + ocq, a 3 , a 4 , 



X-77' 

ai \ 
A, y - — ; a , a 2 + «i, a 3 , a 4 J , 

02 \ 
X + — , Y; a + a 2 , «i + a 2 , —02, «3 + «2, «4 + ct 2 j , 

«3 



x -1 



a , ai,a 2 + a 3 , —a 3 , a 4 



(x, Y - a 0) «i, «2 + a 4) a 3 , -a 4 J . 



(i) 



4. The system of type B 

In this section, we present a 3-parameter family of ordinary differential systems in 
dimension three with affine Weyl group symmetry of type B% . This system is equivalent 
to the system (j3J) restricted its parameters. 

This system can be obtained by connecting the invariant divisors x and y in the system 

®- 

For this system, we can discuss some reductions to the second-order ordinary differential 
equations in the same way in previous section because this system is equivalent to the 
system (J3J) only restricted its parameters. 

Theorem 4.1. Let us consider the following ordinary differential system in the poly- 
nomial class: 

dx 

^ = .h(x,y,z), 

dy _ 
dt ~ 
dz 
I dt ~ 

We assume that 

(Al) deg(fi) = 6 with respect to x, y, z. 



f2(x,y,z), 
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(A2) The right-hand side of this system becomes again a polynomial in each coordinate 
system (x u y u Zi) (i = 0, 1, 2, 3). 

0) x = x-r], y = y, z = z , 

x — rj 

1) x 1 =x, y 1 = y-l, z\ = z -, 

(21) y- 1 

2) x 2 = xH , y 2 = y^ , Z2 = z, 

z z 

Q x Ps(x + y) 

3) x 3 = x, y 3 = y, z 3 = z . 

xy 

Then such a system coincides with the system flD) with the parameter's relations: 

(22) a 4 = ai, f3 := «o, A := «3, #2 := «2, := ot\. 
Here, the complex parameters Po, Pi, P2, P3 satisfy the relation: 

(23) p + Pi + 2fa + 2fa = 1. 
These transition functions satisfy the condition: 

dxj A dyi A cfcj = dx A dy A dz (i = 0, 1, 2, 3). 

Theorem 4.2. 27iis system admits the affine Weyl group symmetry of type as the 
group of its Bdcklund transformations, whose generators are explicitly given as follows: 
with the notation (*) := (x, y, z; Po, Pi, fa, p 3 ), 

so ■ (*) -> ( x, y, z — ; -p , pi,p 2 + fa, P3 

\ X — 7] 

si ■ (*) -> (x,Z/,2 ^-r;Po,~Pi,P2 + Pi,P3 

52 ■ (*) -> (x + ^,y + ^,z;P + p 2 ,Pi + P2,-P2,P 3 + P2 

\ z z 

53 : (*) - ^, y, « - ^±ll . ^ ft ^ + 2/ 3 3 , -ft 

V xy 

The Backlund transformations of each system satisfy 

1 / \ 2 



(24) Si (^) =5 + -J:{ /i ^} + _l _il + (j6C(i)[^,2]), 

where poisson bracket {, } satisfies the relations: 

(25) {z,x} = {z,y} = l, {x,y} = 0. 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of a 
Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

We note that all generators Sq, si, s 2 , S3 are determined by the invariant divisors (14.31) 
(see next proposition). 
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Proposition 4.3. This system has the following invariant divisors: 



parameter's relation 


fi 


fa = o 


f :=x-r] 


A = o 


/i :=!/-! 


fa = o 




fa = 


h ■= xy 



We note that when fa = 0, after we make the birational transformations: 
(26) x 3 = xy, y 3 = y, z 3 = z 

we see that in the coordinate system (x 3 , y 3 , z 3 ) the system admits a particular solution 
x 3 = 0. 

5. The system of type D% 

In this section, we present a 2-parameter family of ordinary differential systems in 
dimension three with affine Weyl group symmetry of type D 3 . This system is equivalent 
to the system (0J restricted its parameters. 

Theorem 5.1. Let us consider the following ordinary differential system in the poly- 
nomial class: 

dx 

Tt =h{x,y,z), 

dy , / \ 

= h(x,y,z), 

dz f i \ 
{ - = f 3 (x,y,z). 

We assume that 

(Al) deg(fi) = 6 with respect to x, y, z. 

(A2) The right-hand side of this system becomes again a polynomial in each coordinate 
system (x h y h zA (i = 1, 2, 3). 

fa(x + y-f]-l) 



i)xi = x — rj, yi=y — l, z x = z- 



(x-r]){y-l) 



(27) 



2)x 2 = xA , y2 = y-\ , z 2 = z 



fa 



3) x 3 = x, y 3 = y, z 3 



fa{x + y) 



xy 



Then such a system coincides with the system with the parameter's relations: 
(28) a 4 = at, a = a 3 , fa ■= «i, fa := «2, fa ■= «3- 



(29) 



Here, the complex parameters fa, fa, fa satisfy the relation: 

1 



fa + fa + fa 
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These transition functions satisfy the condition: 

dxi A dyi A dzi = dx A dy A dz (i = 1, 2, 3) . 

(2) 

Theorem 5.2. This system admits the affine Weyl group symmetry of type D 3 as the 
group of its Bdcklund transformations, whose generators are explicitly given as follows: 
with the notation (*) := (x, y, z; (3o, fti, (3 2 ), 

Po(x + y-rj-l) 



so ■ (*) 



x,y,z- 



si 



s 2 : * 



(x-rj)(y- 1) 

foix + y) 



x,y,z 



xy 



;/3 ,A + 2/3 2 ,-A 



We note that the generators so,s\, s 2 are determined by the invariant divisors (15. 3p (see 
next proposition). 

Proposition 5.3. This system has the following invariant divisors: 



parameter's relation 


ft 


/?o = o 


f := (x-r])(y-l) 


Pi = 


fi:=z 


/3 2 = 


h ■= xy 



6. The system of type 

In this section, we present a 2-parameter family of ordinary differential systems in 
dimension three with affine Weyl group symmetry of type G^ ■ This system is equivalent 
to the system (j3J) restricted its parameters 

(30) a A = a 3 = a u /3 := a , 0i := a 2 , (3 2 ■= a 3 . 
Here, the complex parameters (3o,Pi,(3 2 satisfy the relation: 

(31) fa + 2/3 x + 3(3 2 = 1. 

Theorem 6.1. This system admits the affine Weyl group symmetry of type G% as the 
group of its Bdcklund transformations, whose generators are explicitly given as follows: 
with the notation (*) := (x,y,z;f3 ,/3i,f3 2 ), 



so ■ (*) 



x,y,z 



X — J] 



-Po,lh+Po,fr 



si :(*)-> (x + ^, y + tj, z; p + fa, -fiuPz + Pij 
Pi{y{y - 1) + x(y - 1) + xy} 



s 2 : (*) 



x,y,z 



xy(y - l) 



;A),A + 3&,-/3 2 
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We note that the generators s ,Si, s 2 are determined by the invariant divisors (I6.2p (see 
next proposition). 

Proposition 6.2. This system has the following invariant divisors: 



parameter's relation 


ft 


A) = o 


/o := x-n 


A = o 


fi:=z 


02 = 


h ■= x v(y - !) 



7. The system of type 
In this section, we present a 1-parameter family of ordinary differential systems in 

(2) 

dimension three with affine Weyl group symmetry of type A 2 . This system is equivalent 
to the system (0J restricted its parameters 



(32) 



«4 = «3 = «o = tt li 00 : = tt 2i 01 : = <^1- 



Here, the complex parameters 0o,0i satisfy the relation: 

1 

2" 



(33) 



0o + 20i 



- - < (2) 

Theorem 7.1. This system admits the affine Weyl group symmetry of type A 2 as the 
group of its Backlund transformations, whose generators are explicitly given as follows: 
with the notation (*) := (x, y, z; 0o, 0i), 



8 1 



i 0° i 0° a a i a 
xH ,yH ,2; -0o,0i + 0o 

2 2 



0i{?/(x - rj){y - 1) + x(x - v)(y ~ 1) + ^(z/ - 1) + - 



acj/(a; - r/)(y 



0o + 40i,-0i). 



We note that the generators s , s x are determined by the invariant divisors (17. 2p (see 
next proposition). 

Proposition 7.2. This system has the following invariant divisors: 



parameter's relation 


fi 


0o = O 


fo ■= z 


01 = 


fi := xy(x -rj){y- 1) 



8. Appendix A 

It is well-known that the fifth Painleve equation has symmetries under the affine Weyl 
group of type A^\ In this section, we present a 3-parameter family of the systems of the 
first-order ordinary differential equations. 
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Theorem 8.1. The fifth Painleve equation is equivalent to a 3 -'parameter family of the 
systems of the first-order ordinary differential equations: 



(34) 



dt 
dfi 
dt 
dh 
k dt 



— 2 ( _2 /o/i/2 + a/0/2 + (a + ai + a 3 )/ - 0*0/2), 



v 5 , 



-/o/i 2 - /f/2 + a/0/1 + a/1/2 - aai + (ai + a 3 )fi) 



"2 (-2/0/1/2 + a/0/2 + («i + «2 + a 3 )/ 2 - a 2 /o) 



Here, /o, /1 and / 2 denote unknown complex variables and cyq, ai, a 2 , «3 and a are constant 
complex parameters with «o + «i + «2 + «3 = 1 and ip is a nonzero parameter which can 
be fixed arbitrarily. 

We see that the system (1341) has its first integral: 



(35) 



djh - fo 
dt 



/2 — fo- 



We can solve this equation by 



(36) 



h ~ fo = e 



(t+c) 



Here we set 



(37) 



t + c = logT, x := f , y := f u 



then we can obtain the fifth Painleve system: 



(3* 



dx 
dT 

dy_ 

dT 



OHy 

dy 
dH v 

dx 



2x v ax 
y + 



T 

2xy 2 



T 



T 



— 2xy 
2axy 



ati + a 3 
a H — j x - n,,. 

aH ^ — ) y + 



T 



T 



with the polynomial Hamiltonian 



(39) 



a;V ax 2 y 2 / a x + a 3 \ aot x 
tiy = — — I — — xy + a H — — xy — a y —x. 



T 



T 



T 



T 



THEOREM 8.2. This system admits the affine Weyl group symmetry of type A$ as the 
group of its Bdcklund transformations, whose generators s , S\, s 2 , s 3 , tv are explicitly given 
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as follows: 
(40) 

so :(/o, /i, /25 ao,ax,a 2 ,a 3 ) -> ^/ , /i + y^, / 2 ; -a ,ai + ao,a2,a 3 + "o^j , 

si :(/o, fufe ao,ai,«2,tt3) — > ^/o - ^r, /i, /2 - «o + -ai,a 2 + «i,a 3 ^ , 

52 :(/o, A, h\ ao,ai,a2,a 3 ) -> ^/o, /i + |p A; «o, «i + «2, -a 2 ,a 3 + "2^ , 

53 :(/o, h,h\ a ,ai,a 2 ,a 3 ) -> [ fo - , ° 3 , /i, /2 - , ^ ; «o + "3, «i,a 2 + "3, -«3 J > 

7T :(/o,/i,/2;ao,ai,a 2 ,a 3 ) -> (A, h, fo] V, «2, «i, <*o, a 3 )- 
The Backlund transformations of each system satisfy 

(41) fli ^) = p + ^{/ 4 , ff } + i f ^ {/«,{/!,</}} + ••• (jeCl/o./JJ), 

where poisson bracket {, } satisfies the relations: 

(42) {/o,/i} = {/a,/i} = l, Uo,/ 2 }=0. 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of a 
Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

9. Appendix B 

It is well-known that the third Painleve equation has symmetries under the affine Weyl 
group of type C 2 . In this section, we present a new representation of the third Painleve 
equation. 

Theorem 9.1. The third Painleve equation can be written in the following symmetric 
form: 

( df 



(43) 



j -2/0/1/2 + («o + 2«i)/ - 00/2, 
^ = (/o + / 2 )A 2 - 2a!/! + 77, 



Here, fo, fi and f 2 denote unknown complex variables and ao, cti and a 2 are constant 
parameters with ao + 2ai + a 2 = 1 and rj is a nonzero parameter which can be fixed 
arbitrarily. 

We see that the system ( )43i) has its first integral: 
(44) d -^J^ = f - f, 
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We can solve this equation by 

(45) fa-f2 = e« +c \ 
Here we set 

(46) t + c = logT, x := — , y := -{hh + a 2 )fi, 

h 



then we can obtain the third Painleve system: 
(47) 



dx dHiu 2x 2 y nx 2 2(ai + a 2 )x 
dT = dy = ~T T~ + T ' 
dy _ dHni _ _2xy^ 2r]xy _ 2(a 1 + a 2 )y rja^ 
dT~ dx ~ T T T T 

with the polynomial Hamiltonian 

x 2 y 2 — r/x 2 y + 2(«! + a 2 )xy — Ty — r]a2X 



(48) # 



in 



T 



(i) 

2 



Theorem 9.2. This system admits extended affine Weyl group symmetry of type C, 
as the group of its Bdcklund transformations, whose generators so,si,s 2 ,7r are explicitly 
given as follows: 

so ■ (fa, fi, fz] V, ota, «i, a 2 ) -> (fa, fi + ^r, h\ V, -«o, «i + "o, ac 2 j , 



si ■ {fo, fx, /a; »7, «o, «i, "2) ->(/o — + 72 > fu h t~ + rl ■ 



2ai y f 2oi n 

f. * n 2 ,Jl,j2 f ' f2 

h Ji h h 

- rj, a o + 2«i, -«i, a 2 + 2«i), 



s 2 : (Jo, /1, /25 ^, «o, Qti, a 2 ) -> L/b, /1 + / 2 ; »7, «o, «i + "2, -a 2 ) , 
7T : (Jo, /1, h\ V, «o, an, a 2 ) ->(/ 2 , /1, /ol ty, a 2 , an, «o)- 




Figure 1 . The transformations described in Theorem 19.21 satisfy the re- 



lations: So 2 = 

1, 7r(s ,Si,S 2 ) 



Si = s 2 
(s 2 ,s 1 ,s )ir. 



7T~ 



(SqS 2 ) 



{soSiY 



{sis 2 y 
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Theorem 9.3. For the system (I34p of type A% , we make the change of parameters 

(50) a = 0o, ai = — , a 2 = (3 2 , a 3 = 2p 1 + -, ip = -2, 

a a 

from a ,ai,a 2 ,a 3 to f3 ,[3i,(3 2 . This new system tends to the system ( H31 of type C 2 as 
We note that 

«0 + «1 + «2 + "3 = Po + 2/?i + f3 2 = I. 
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